We prove the Hamiltonian unknottedness of real Lagrangian tori in the monotone S 2ˆS2 , namely any real Lagrangian torus in S 2ˆS2 is Hamiltonian isotopic to the Clifford torus TClif. The proof is based on a neck-stretching argument, Gromov's foliation theorem, and the Cieliebak-Schwingenheuer criterion.
Since Lagrangian 2-planes in R 4 that are asymptotically linear are trivial by Eliashberg-Polterovich [20] (see also [19] ), one may expect reasonable unknottedness results in symplectic 4-manifolds. Symplectic Field Theory developed by Eliashberg-Givental-Hofer [18] has become a core technique to address the Lagrangian unknottedness problems. By a neck-stretching argument [4] , Hind [25] showed the Hamiltonian unknottedness of spheres in S 2ˆS2 .
In contrast to spheres, the Hamiltonian unknottedness of monotone Lagrangian tori in S 2ˆS2 fails. Chekanov-Schlenk [7] found a monotone Lagrangian torus in S 2ˆS2 which is not Hamiltonian isotopic to the Clifford torus T Clif " S 1ˆS1 , defined as the product of the equators. This torus, in another description, was also found by Entov-Polterovich [22, Example 1.22] . Vianna [36] showed that there are infinitely many Hamiltonian isotopy classes of monotone Lagrangian tori in S 2ˆS2 . Dimitroglou Rizell-Goodman-Ivrii [17, Theorem A] established the Lagrangian unknottedness of tori in S 2ˆS2 , namely Lagrangian tori in S 2ˆS2 are unique up to Lagrangian isotopy. As a result, infinitely many monotone Lagrangian tori in S 2ˆS2 are Hamiltonianly knotted.
In this paper, we are interested in a class more rigid than monotone Lagrangian tori, namely real Lagrangian tori. By a real Lagrangian submanifold L in a symplectic manifold pM, ωq we mean a Lagrangian submanifold that is the fixed point set of an antisymplectic involution R of M, i.e., R 2 " id M and R˚ω "´ω. The fixed point set FixpRq " tx P M | Rpxq " xu of an antisymplectic involution R of a symplectic manifold pM, ωq is Lagrangian if it is nonempty. If pM, ωq is monotone, then every real Lagrangian of M is monotone. Recall that the Clifford torus T Clif " S 1ˆS1 is a real Lagrangian torus in S 2ˆS2 whose antisymplectic involution R Clif is given by the product of the reflection of S 2 fixing the equator.
The main result of this paper is to prove the Hamiltonian unknottedness of real Lagrangian tori in S 2ˆS2 in contrast to the monotone case.
Main Theorem. Any real Lagrangian torus in S 2ˆS2 is Hamiltonian isotopic to the Clifford torus T Clif .
As we discussed, being real plays a key role, and the result shows a non-trivial phenomenon of Hamiltonian unknottedness. An immediate consequence of the main theorem together with a known result [29, Proposition B] is the complete classification of real Lagrangian submanifolds in S 2ˆS2 .
Theorem A. Any real Lagrangian submanifold in S 2ˆS2 is Hamiltonian isotopic to either the antidiagonal sphere ∆ or the Clifford torus T Clif .
From a real symplectic perspective, the study of real Lagrangian tori in S 2ˆS2 is the simplest non-trivial case in dimension 4. For topological reasons, there is no closed real Lagrangian in R 2n at all. Known monotone symplectic 4-manifolds containing real Lagrangian tori are S 2ˆS2 and the three-fold monotone blow-up of CP 2 , see [6, Theorem D] . In [28] , it was proved that the Chekanov-Schlenk torus in S 2ˆS2 is not real, from which we believed that our main result holds. We refer to a recent work of Brendel [5] that extends the result in [28] .
In order to prove the main theorem, we employ Gromov's foliation theorem (Section 2.2) together with the Cieliebak-Schwingenheuer criterion (Section 2.3). Gro-mov's strategy was to foliate the monotone symplectic manifold S 2ˆS2 by a family of J-holomorphic spheres of minimal symplectic area, and hence to reduce symplectic questions to two dimensional fibered versions. In particular, when one deforms the split complex structure i ' i on S 2ˆS2 to any tame almost complex structure J, two transversal foliations by J-holomorphic spheres still exist (even smoothly depending on J), and yield a symplectic S 2 -fibration of S 2ˆS2 over S 2 . In the case of studying a monotone Lagrangian torus, the nicest situation is when a fiber symplectic sphere intersects the torus along a circle or does not intersect at all. Cieliebak-Schwingenheuer provided a criterion for the Hamiltonian unknottedness of tori in S 2ˆS2 by means of this fibered structure. In particular, the existence of two suitable symplectic sections of the fibration is the precise condition for a given monotone Lagrangian torus being Hamiltonianly deformable into the Clifford torus T Clif . In general, one symplectic section always exists (essentially by an SFT argument, see Proposition 2.5), but the second symplectic section may be missing. For real Lagrangian tori, an antisymplectic involution will provide the second symplectic section as desired.
It might be interesting to mention interactions between real symplectic topology and real algebraic varieties. We refer to [13, 15, 27] for expositions about the topology of real algebraic varieties. Inspired by the notion of quasi-simplicity for real algebraic varieties [27] , we formulate a counterpart in symplectic topology. A closed monotone symplectic manifold pM, ωq is called symplectically quasi-simple if the diffeomorphism type of connected real Lagrangian submanifolds of M uniquely determines its Hamiltonian isotopy class.
Problem. Show that symplectic del Pezzo surfaces are symplectically quasi-simple.
It is known that the problem is true for CP 2 [29, Proposition A] and S 2ˆS2 (the main theorem). Note that quasi-simplicity in real algebraic varieties is known for all real del Pezzo surfaces by Degtyarev-Itenberg-Kharlamov [13, 14] . Together with Brendel and Moon [6, Theorem D], we obtain the complete list of diffeomorphism types of connected real Lagrangians in toric symplectic del Pezzo surfaces. For symplectic results, we refer to the works of Evans [23] and Seidel [35] , which deal with the (un)knotting problems of Lagrangian spheres in del Pezzo surfaces. Finally, we mention a work of Welschinger [38] which might be related to the problem. In that paper, he defines an invariant under deformation of real symplectic 4-manifolds, called Welschinger invariant.
This paper is organized as follows. In Section 2, we give results relevant for the proof of the main theorem. In Section 3, we prove the main theorem.
Structural results for real Lagrangian tori in S 2ˆS2
Recall that a symplectic manifold pM, ωq is monotone if there exists C ą 0 such that c 1 pMq " C¨rωs and that a Lagrangian submanifold L in M is monotone if there exists C 1 ą 0 such that µ L pβq " C 1¨ω pβq for all β P π 2 pM, Lq, where µ L : π 2 pM, Lq Ñ Z denotes the Maslov class of L, see [33, Definition 3.4.4] .
Throughout this paper, the monotone symplectic manifold S 2ˆS2 is equipped with the split symplectic form ω ' ω, where ω is a Euclidean area form on S 2 .
Topology of antisymplectic involutions of S 2ˆS2
We fix generators of H 2 pS 2ˆS2 q -Z 2 , A 1 " rS 2ˆt ptus and A 2 " rtptuˆS 2 s.
The following simple topological result plays a crucial role. This result says that any antisymplectic involution R of S 2ˆS2 with fixed point set FixpRq -T 2 is homologically the standard antisymplectic involution R Clif for the Clifford torus T Clif .
Lemma 2.1. Let R be an antisymplectic involution on S 2ˆS2 whose fixed point set FixpRq is diffeomorphic to T 2 . Then the map R˚induced in homology H 2 pS 2ˆS2 q is given by R˚A i "´A i for i " 1, 2.
The second condition holds since R is antisymplectic. Since R is orientation-preserving, R˚preserves the intersection form of S 2ˆS2 . In particular, for i " 1, 2 we obtain
Hence, R˚must be eitherˆ´1 0 0´1˙o rˆ0´1 1 0˙, and the same result holds for Since χpT 2 q " 0, the lemma follows.
Remark 2.2. By the above proof, for given antisymplectic involution R of S 2ˆS2 with possibly empty fixed point set, the induced map R˚on H 2 pS 2ˆS2 q is either
It is known that any real Lagrangian in S 2ˆS2 is diffeomorphic to either T 2 or S 2 , see [29, Proposition B] . Hence, if FixpRq is nonempty we obtain
• FixpRq is diffeomorphic to T 2 if and only if R˚" I 1 .
• FixpRq is diffeomorphic to S 2 if and only if R˚" I 2 .
Gromov's foliation theorem and the neck-stretching
We recall the celebrated Gromov foliation theorem in S 2ˆS2 , see [24, Theorem 2.4.A 1 ]. We emphasize that for the following result it is crucial that the symplectic form ω ' ω is monotone.
Theorem 2.3 (Gromov) . Let J be any compatible almost complex structure on S 2ˆS2 . Then there exist two transversal foliations F 1 and F 2 of S 2ˆS2 whose leaves are (unparametrized) embedded J-holomorphic spheres in the homology class A 1 and A 2 , respectively.
Here, by transversal foliations F 1 and F 2 , we mean that any two leaves of F 1 and F 2 are transverse. By positivity of intersections [32, Section 2.6], the two leaves intersects transversely at a single point. The following is an application of a neck-stretching argument combined with Gromov's theorem, which is a simpler version of Dimitroglou Rizell-Goodman-Ivrii [17, Theorem C]. Proposition 2.5. Let L be a monotone Lagrangian torus in S 2ˆS2 . Then there exists a symplectic sphere Σ in S 2ˆS2 such that Σ represents the homology class A 1 and is disjoint from L.
Proof. Following [17, Section 2] or [18, Example 1.3.1], we consider the split symplectic manifold whose top and bottom levels are identified with pS 2ˆS2 zL, ω ' ωq and pT˚L, dλ can q, respectively. Here, λ can denotes the canonical Liouville form on T˚L. It follows from Gromov's result together with positivity of intersections that for any compatible almost complex structure J on S 2ˆS2 there exists a unique embedded Jholomorphic sphere in the homology class A 1 passing through any fixed point in S 2ˆS2 . We therefore apply the SFT compactness theorem [4, 9] on these spheres with a regular almost complex structure J 8 :" J| S 2ˆS2 zL on S 2ˆS2 zL to obtain a (limit) holomorphic building in the split symplectic manifold pS 2ˆS2 zLq \ T˚L. After a careful analysis of such buildings [17, Proposition 3.5] (but, the argument is much simpler in our case since L is monotone), we find that if a limit building is broken, then its top level consists of two simple, embedded J 8 -holomorphic planes in S 2ˆS2 zL with index 1. As J 8 is assumed to be regular, such planes form a moduli space of dimension 1. Since the total collection of components of broken limit buildings in the top level S 2ˆS2 zL forms a subset of dimension at most 3 in S 2ˆS2 zL, in view of Gromov's foliation we conclude that there must be a non-broken limit building, that is an embedded J 8 -holomorphic sphere u in S 2ˆS2 zL whose homology class represents A 1 . This is a symplectic sphere Σ :" Im u as desired.
Cieliebak-Schwingenheuer's criterion
We give a review on the Cieliebak-Schwingenheuer criterion [11, Theorem 1.1] when a monotone Lagrangian torus in S 2ˆS2 is Hamiltonian isotopic to the Clifford torus T Clif . A monotone Lagrangian torus L in S 2ˆS2 is called fibered if there exist a foliation F of S 2ˆS2 by symplectic 2-spheres in the homology class A 2 and a symplectic 2-sphere Σ in the homology class A 1 such that • Σ is transverse to the leaves of F .
• Σ is disjoint from L.
• The leaves of F intersect L in a circle or not at all.
In this case, we say that L is fibered by F and Σ. It is a highly non-trivial result that any monotone Lagrangian torus in S 2ˆS2 is fibered. This result, which originally goes back to Ivrii's thesis [26] , is proved by Dimitroglou Rizell-Goodman-Ivrii [17, Theorem D] based on the neck-stretching argument [4] .
Consider a monotone Lagrangian torus L in S 2ˆS2 which is fibered by F and Σ. Each leaf of the foliation F intersecting L is written as a union of two closed discs glued along the embedded loop given by the intersection of L and the leaf. Hence, the discs intersecting Σ form a solid torus T with boundary BT " L. Note that the discs which do not intersect L also define a solid torus T 1 with BT 1 " L. Example 2.6 (Clifford torus). Let i ' i be the split complex structure on S 2ˆS2 . Gromov's foliations are given by F 1 and F 2 whose leaves are the holomorphic spheres F 1,y :" S 2ˆt yu for y P S 2 and F 2,x :" txuˆS 2 for x P S 2 , respectively. The associated symplectic S 2 -fibration is defined as follows. Fix one leaf F 1,y0 of F 1 . Since each leaf F 2,x of F 2 intersects F 1,y0 transversely at a unique point px, y 0 q, we can define a symplectic S 2 -fibration of S 2ˆS2 by sending F 2,x to px, y 0 q P F 1,y0 -S 2 . In this case, this is the projection πpx, yq " x of S 2ˆS2 onto the first S 2 -factor. One checks that the Clifford torus T Clif " S 1ˆS1 is fibered by F 2 and F 1,y0 . Each fiber F 2,x -S 2 intersecting T Clif is a union of two holomorphic discs of Maslov index 2 with boundary on T Clif . The S 1 -family of the discs intersecting F 1,y0 forms a solid torus T with BT " T Clif . It is worth noting that we can find another symplectic section F 1,y1 for some y 1 P S 2 (for example, the antipodal point of y 0 P S 2 ) which does not intersect the solid torus T.
The criterion of Cieliebak-Schwingenheuer says that the existence of the second nice symplectic 2-sphere in the homology class A 2 guarantees that a given monotone Lagrangian torus in S 2ˆS2 is Hamiltonian isotopic to the Clifford torus. The proof is based on a sophisticated version of the Lalonde-Mcduff inflation procedure [30] .
Remark 2.8. The converse of Theorem 2.7 obviously holds, namely if a monotone Lagrangian torus L in S 2ˆS2 is Hamiltonian isotopic to the Clifford torus T Clif , then L is fibered by some F , Σ, and the second symplectic 2-sphere Σ 1 as well.
Proof of the Main Theorem
Throughout this section, we let L " FixpRq be a real Lagrangian torus in S 2ˆS2 for some antisymplectic involution R of S 2ˆS2 . A compatible almost complex structure J on S 2ˆS2 is called anti-R-invariant if J "´R˚J. We abbreviate by J R the space of anti-R-invariant compatible almost complex structures on S 2ˆS2 , which is nonempty and contractible, see [38, Proposition 1.1] . Recall that every J-holomorphic sphere of S 2ˆS2 in the homology class A i for i " 1, 2 is embedded, see Remark 2.4. We start with the following simple observation. Proof. Consider the J-holomorphic sphere in S 2ˆS2 given by
where ρpzq "z´1 denotes the antiholomorphic involution of S 2 -C Y t8u with Fixpρq -S 1 . Here, u 1 is J-holomorphic since J is anti-R-invariant. By Lemma 2.1, u 1 represents the homology class A i . By positivity of intersections, u 1 must be one leaf of Gromov's foliation F i associated to J as in Theorem 2.3. Pick any x P Im u X L. Since upzq " x for some z P S 2 , we see that
which shows that u 1 passes through x. This implies that Im u " Im u 1 , and hence Im u is R-invariant as desired. Recalling that u is embedded, the antisymplectic involution R of S 2ˆS2 restricts to a smooth involution τ :" R| Im u of the sphere S 2 -Im u. Since R˚A i "´A i by Lemma 2.1, the involution τ is orientation-reversing. Recall that every smooth involution of S 2 is conjugated to a map in Op3q, see [12, Theorem 4.1] . Hence τ is conjugated to either the reflection or the antipodal map on S 2 . Since x P Fixpτ q and, in particular, Fixpτ q is nonempty, τ is conjugated to the reflection, and hence Fixpτ q " Im u X L -S 1 .
Remark 3.2. We notice that any smooth involution σ of S 2 with fixed point set Fixpσq -S 1 must interchange the two discs obtained by cutting S 2 along the embedded loop Fixpσq. This again follows from the fact that σ is conjugated to a map τ P Op3q. Since Fixpσq -Fixpτ q -S 1 , we deduce that τ is a reflection. Hence, σ must interchange the two discs as desired.
We are now in position to prove the main theorem.
Proof of the Main Theorem. By Proposition 2.5, we can find a symplectic sphere Σ in S 2ˆS2 which represents the homology class A 1 P H 2 pS 2ˆS2 q and is disjoint from the real Lagrangian torus L " FixpRq. Consider another symplectic sphere Σ 1 :" RpΣq which is disjoint from L as well. By Lemma 2.1, Σ 1 also represents the homology class A 1 . We choose J P J R such that the symplectic spheres Σ and Σ 1 are J-holomorphic. By positivity of intersections, we know that • Σ and Σ 1 are transverse to the leaves of F 2 , where F 2 is Gromov's foliation associated to J as in Theorem 2.3.
• We have Σ " Σ 1 or Σ X Σ 1 " H.
Since J-holomorphic spheres are symplectic, it follows from Lemma 3.1 that L is fibered by F 2 and Σ. Moreover, for each leaf F of F 2 intersecting L, the antisymplectic involution R of S 2ˆS2 restricts to the orientation-reversing involution τ on the leaf F -S 2 with fixed point set Fixpτ q " L X F -S 1 . The embedded loop Fixpτ q cuts F into two closed discs glued along Fixpτ q. Since τ must interchange the two discs by Remark 3.2, we deduce that Σ X F and Σ 1 X F are disjoint. Hence, Σ and Σ 1 must be disjoint. Moreover, the second symplectic sphere Σ 1 is disjoint from the solid torus T which is the union of one of the two discs of each leaf intersecting Σ. Now we can apply the Cieliebak-Schwingenheuer criterion (Theorem 2.7) to complete the proof.
